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Abstract. Let p be an odd prime and let d ∈ {2, 3, 7}. When (−d
p
) = 1 we can
write p = x2+dy2 with x, y ∈ Z; in this paper we aim at determining x or y modulo
p2. For example, when p = x2 + 3y2, we show that if p ≡ x ≡ 1 (mod 4) then
(p−1)/2∑
k=0
(3[3 | k]− 1)(2k + 1)
(2k
k
)2
(−16)k
≡
(
2
p
)
2x (mod p2)
where [3 | k] takes 1 or 0 according as 3 | k or not, and that if −p ≡ y ≡ 1 (mod 4)
then
(p−1)/2∑
k=0
(
k
3
)
k
(2k
k
)2
(−16)k
≡ (−1)(p+1)/4y ≡
(p−1)/2∑
k=0
(1− 3[3 | k])
k
(2k
k
)2
(−16)k
(mod p2).
We also determine
p−1∑
k=0
k
(2k
k
)3
mk
∑
k6j<2k
1
j
mod p
for m = 1,−8, 16,−64, 256,−512, 4096.
1. Introduction
Let p ≡ 1 (mod 4) be a prime. It is well-known that we may write p = x2+ y2
with x ≡ 1 (mod 4) and y ≡ 0 (mod 2). In 1828 Gauss determined x mod p via
the congruence (
(p− 1)/2
(p− 1)/4
)
≡ 2x (mod p)
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(see, e.g., [BEW, Chapter 9]). In 1986, S. Chowla, B. Dwork and R. J. Evans
[CDE] showed further that
(
(p− 1)/2
(p− 1)/4
)
≡ 2
p−1 + 1
2
(
2x− p
2x
)
(mod p2),
which implies the congruence
(
(p− 1)/2
(p− 1)/4
)2
≡ 2p−1(4x2 − 2p) (mod p2).
Let p be an odd prime. In 1997 van Hamme [vH] showed that
p−1∑
k=0
(
2k
k
)3
64k
≡
{
4x2 − 2p (mod p2) if p ≡ 1 (mod 4) & p = x2 + y2 (2 ∤ x),
0 (mod p2) if p ≡ 3 (mod 4).
(1.0)
By Stirling’s formula, n! ∼ √2pin(n/e)n and hence
lim
k→∞
k
√(
2k
k
)3
= 64.
Thus we call
∑p−1
k=0
(
2k
k
)3
/mk mod p2 the border case if m = 64. In 2009 the
author posed several conjectures on
∑p−1
k=0
(
2k
k
)3
/mk mod p2 in non-border cases.
For example, in Nov. 2009 he conjectured that
p−1∑
k=0
(
2k
k
)3
≡
{
4x2 − 2p (mod p2) if ( p7 ) = 1 & p = x2 + 7y2,
0 (mod p2) if ( p
7
) = −1. (1.1)
This appeared as Conjecture 5.3 of [Su1]. In [Su2, Conjecture 5.2] the author also
formulated conjectures on
∑p−1
k=0
(
2k
k
)3
/mk with m = −8, 16,−64, 256,−512, 4096.
Namely,
p−1∑
k=0
(
2k
k
)3
(−8)k ≡
p−1∑
k=0
(
2k
k
)3
(−512)k ≡
p−1∑
k=0
(
2k
k
)3
64k
(
mod p(5+(
−1
p
)/2)
)
, (1.2)
p−1∑
k=0
(
2k
k
)3
(−64)k ≡
{
4x2 − 2p (mod p2) if p = x2 + 2y2,
0 (mod p2) if p ≡ 5, 7 (mod 8), (1.3)
p−1∑
k=0
(
2k
k
)3
16k
≡
{
4x2 − 2p (mod p2) if p = x2 + 3y2,
0 (mod p2) if p ≡ 2 (mod 3), (1.4)
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p−1∑
k=0
(
2k
k
)3
256k
≡
(−1
p
) p−1∑
k=0
(
2k
k
)3
16k
(
mod p(5+(
p
3
))/2
)
, (1.5)
and
p−1∑
k=0
(
2k
k
)3
4096k
≡
(−1
p
) p−1∑
k=0
(
2k
k
)3 (
mod p(5+(
p
7
))/2
)
. (1.6)
Note that [A, Theorem 5] implies (1.1)-(1.6) modulo p. In an earlier preprint
form of [S2] posted to arXiv, Z.-H. Sun got partial success in proving the above
conjectures; in fact, he showed that
p−1∑
k=0
(
2k
k
)3
≡
p−1∑
k=0
(
2k
k
)3
4096k
≡ 0 (mod p2) if
(p
7
)
= −1,
p−1∑
k=0
(
2k
k
)3
(−8)k ≡
p−1∑
k=0
(
2k
k
)3
(−512)k ≡ 0 (mod p
2) if p ≡ 3 (mod 4),
p−1∑
k=0
(
2k
k
)3
16k
≡
p−1∑
k=0
(
2k
k
)3
256k
≡ 0 (mod p2) if p ≡ 2 (mod 3),
and
p−1∑
k=0
(
2k
k
)3
(−8)k ≡ 4x
2 − 2p (mod p2) if p = x2 + y2 (2 ∤ x).
The key tool of Z.-H. Sun [S2] is the following identity
Pn(x)
2 =
n∑
k=0
(
n
k
)(
n+ k
k
)(
2k
k
)(
x2 − 1
4
)k
, (1.7)
where Pn(x) is the Legendre polynomial of degree n given by
Pn(x) =
n∑
k=0
(
n
k
)(
n+ k
k
)(
x− 1
2
)k
.
Note that (1.7) follows from the well-known Clausen identity
2F1
(
2a, 2b
a+ b+ 1/2
∣∣∣∣z
)2
= 3F2
(
2a, 2b, a+ b
a+ b+ 1/2, 2a+ 2b
∣∣∣∣4z(1− z)
)
in the special case a = −n/2, b = (n + 1)/2 and z = (1 − x)/2. In 2012, the
author’s conjectural congruences (1.1)-(1.6) modulo p2 were finally confirmed by
J. Kibelbek, L. Long, K. Moss, B. Sheller and H. Yuan in the preprint [KLMSY]
posted to arXiv in Oct. 2012, as well as the final version of [S2]. Both [KLMSY]
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and [S2] depend heavily on the paper [CV] of M. J. Coster and L. van Hamme in
which the authors determined
Pn(
√
2), Pn
(
3
√
2
4
)
, Pn(
√−3), Pn
(√
3
2
)
, Pn
(
3
√−7) , Pn
(
3
√
7
8
)
modulo p2 via complex multiplication of elliptic curves, where p = 2n + 1 is an
odd prime.
Concerning (1.4) we mention that the author [Su3] proved that
p−1∑
k=0
(−1)kAk ≡
p−1∑
k=0
(
2k
k
)3
16k
(mod p2) (1.8)
for any odd prime p, where A0, A1, A2, . . . are Ape´ry numbers given by
An =
n∑
k=0
(
n
k
)2(
n+ k
k
)2
(n = 0, 1, 2, . . . ).
The reader may consult [Su7] and [Su8] for many other conjectures similar to
(1.1)-(1.6).
During their initial attempt to prove (1.1) in 2010, M. Jameson and K. Ono
[JO] realized that
(p−1)/2∑
k=0
(
2k
k
)3
(H2k −Hk) ≡ 0 (mod p) for any prime p > 3
but they did not have a proof of this observation, where Hk denotes the harmonic
number
∑
0<j6k 1/j. When p > 3 is a prime with p ≡ 3 (mod 4), by [Su1, (1.11)]
and (1.0) we have
(p−1)/2∑
k=0
(
2k
k
)3
64k
Hk ≡ 0 (mod p).
On March 2, 2010 the author formulated a conjecture (which was presented as
[Su, Conj. A37]) on
∑p−1
k=0
(
2k
k
)3
(H2k −Hk)/mk modulo p or p2, where p > 3 is a
prime and m ∈ {1,−8, 16,−64, 256,−512, 4096}. In [KLMSY] it was proved for
any prime p > 3 and m = 1,−8, 16,−64, 256,−512, 4096 the congruence
p−1∑
k=0
(
2k
k
)3
mk
(H2k −Hk) ≡ qp(m)
6
p−1∑
k=0
(
2k
k
)3
mk
(mod p) (1.9)
where qp(m) denotes the Fermat quotient (m
p−1 − 1)/p.
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When p = x2 + y2 with 4 | x − 1 and 2 | y, the author [Su5] showed that we
can determine x mod p2 in the following way:
(
2
p
)
x ≡
(p−1)/2∑
k=0
k + 1
8k
(
2k
k
)2
≡
(p−1)/2∑
k=0
2k + 1
(−16)k
(
2k
k
)2
(mod p2).
With the help of Coster-van Hamme’s work, in this paper we determine x or y
mod p2 when p = x2 + dy2 with d = 2, 3, 7.
Before stating our main results we need to introduce Lucas sequences.
Let A,B ∈ Z. The Lucas sequence un = un(A,B) (n ∈ N) and its companion
vn = vn(A,B) (n ∈ N) are defined as follows:
u0 = 0, u1 = 1, and un+1 = Aun −Bun−1 (n = 1, 2, 3, . . . );
v0 = 2, v1 = A, and vn+1 = Avn −Bvn−1 (n = 1, 2, 3, . . . ).
It is well known that (α − β)un = αn − βn and vn = αn + βn for all n ∈ N,
where α and β are the two roots of the equation x2 −Ax+B = 0. The sequence
Pn = un(2,−1) (n ∈ N) is called the Pell sequence and its companion is the
sequence Qn = vn(2, 1) (n ∈ N).
Theorem 1.1. Let p be a prime with p ≡ 1, 3 (mod 8). And write p = x2 + 2y2
with x, y ∈ Z and x ≡ 1 (mod 4).
(i) If p ≡ 1 (mod 8), then
4
p−1∑
k=0
(
2k
k
)2
kPk
32k
≡
p−1∑
k=0
(
2k
k
)2
kQk
32k
≡(−1)(p−1)/8+(x−1)/4
( p
x
− 2x
)
(mod p2),
and we can determine x mod p2 via the congruence
(−1)(x−1)/4x ≡ (−1)
(p−1)/8
2
p−1∑
k=0
(
2k
k
)2
(k + 1)Qk
32k
(mod p2).
(ii) If p ≡ 3 (mod 8), then
p−1∑
k=0
(
2k
k
)2
kPk
32k
≡ 1
2
p−1∑
k=0
(
2k
k
)2
kQk
32k
≡ (−1)(y+1)/2y (mod p2)
and
p−1∑
k=0
(
2k
k
)2
Pk
32k
≡ (−1)(y−1)/2
(
2y − p
4y
)
(mod p2).
Remark 1.1. Theorem 1.1 was first conjectured by the author in 2009, it appeared
as part of [Su4, Conjecture 2.3].
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Theorem 1.2. Let p ≡ 1 (mod 3) be a prime and write p = x2 + 3y2 with
x, y ∈ Z.
(i) If p ≡ x ≡ 1 (mod 4), then we can determine x mod p2 via the congruence
(
2
p
)
2x ≡
p−1∑
k=0
(3[3 | k]− 1)(2k + 1)
(
2k
k
)2
(−16)k (mod p
2). (1.10)
(ii) If −p ≡ y ≡ 1 (mod 4), then
p−1∑
k=0
(
k
3
) (2k
k
)2
(−16)k ≡ (−1)
(p−3)/4
(
4y − p
3y
)
(mod p2), (1.11)
and we can determine y mod p2 in the following way:
p−1∑
k=0
(
k
3
)
k
(
2k
k
)3
(−16)k ≡ (−1)
(p+1)/4y ≡
p−1∑
k=0
(1− 3[3 | k]) k
(
2k
k
)2
(−16)k (mod p
2). (1.12)
Remark 1.2. Part (ii) of Theorem 1.2 appeared as part (i) of [Su2, Conjecture
5.11].
Theorem 1.3. Let p be an odd prime with ( p7 ) = 1 and write p = x
2 + 7y2 with
x, y ∈ Z.
(i) If p ≡ x ≡ 1 (mod 4), then we may determine x mod p2 via the congruence
p−1∑
k=0
(4k + 3)
(
2k
k
)2
16k
vk(1, 16) ≡ 6
(
2
p
)
x (mod p2). (1.13)
(ii) If −p ≡ y ≡ 1 (mod 4), then we may determine y mod p2 in the following
way:
p−1∑
k=0
k
(
2k
k
)2
16k
uk(1, 16) ≡
p−1∑
k=0
k
(
2k
k
)2
16k
vk(1, 16) ≡ −
(
2
p
)
y
2
(mod p2). (1.14)
Theorem 1.4. Let p > 3 be a prime.
(i) If p ≡ 1 (mod 12) and p = x2 + 3y2 with x, y ∈ Z and x ≡ 1 (mod 4), then
p−1∑
k=0
(
2k
k
)2
vk(4, 1)
64k
≡ 4x− p
x
(mod p2)
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and we can determine x mod p2 by
p−1∑
k=0
(
2k
k
)2
(k − 1)vk(4, 1)
64k
≡ −2x (mod p2).
(ii) If p ≡ 7 (mod 12) and p = x2 +3y2 with x, y ∈ Z and y ≡ 1 (mod 4), then
p−1∑
k=0
uk(4, 1)
64k
(
2k
k
)2
≡ 2y − p
6y
(mod p2)
and also
y ≡
p−1∑
k=0
(
2k
k
)2
kuk(4, 1)
64k
≡ 1
4
p−1∑
k=0
(
2k
k
)2
kvk(4, 1)
64k
(mod p2).
Remark 1.3. Theorem 1.4 was part of [Su4, Conjecture 2.4].
In contrast with (1.9), we have the following theorem.
Theorem 1.5. Let p be an odd prime and let a, b,m ∈ Z with m 6≡ 0 (mod p).
Then (−m
p
) p−1∑
k=0
ak + b
mk
(
2k
k
)3
+
m¯p−1 + 1
4
p−1∑
k=0
2ak + a− 2b
m¯k
(
2k
k
)3
≡ap
2
p−1∑
k=0
(
2k
k
)3
m¯k
+
3p
2
p−1∑
k=0
2ak + a− 2b
m¯k
(
2k
k
)3
(H2k −Hk) (mod p2),
(1.15)
where m¯ = 212/m.
Clearly Theorem 1.5 with a = 0 and b = 1 yields the following corollary.
Corollary 1.1. Let p be an odd prime and let m ∈ Z with p ∤ m. Set m¯ =
4096/m. Then
(−m
p
) p−1∑
k=0
(
2k
k
)3
mk
−
p−1∑
k=0
(
2k
k
)3
m¯k
≡− p
2
p−1∑
k=0
(
2k
k
)3
m¯k
(6(H2k −Hk)− qp(m¯)) (mod p2).
Remark 1.4. In view of Corollary 1.1, for any odd prime p > 3, (1.9) holds for all
m ∈ {1,−8, 16,−64, 256,−512, 4096}, if and only if the symmetric relation
(−m
p
) p−1∑
k=0
(
2k
k
)3
mk
≡
p−1∑
k=0
(
2k
k
)3
m¯k
(mod p2) (1.16)
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holds for all m ∈ {1,−8, 16,−64, 256,−512, 4096}. The latter was conjectured by
the author in [Su2, Conj. 5.2].
In the next section shall provide some lemmas. We are going to show Theorems
1.1-1.4 in Section 3. In Section 4 we will prove Theorem 1.5 and derive several
corollaries of Th. 1.5. Section 4 also contains a conjecture involving harmonic
numbers.
2. Several lemmas
Lemma 2.1. Let p be an odd prime and let m ∈ Z with m 6≡ 0 (mod p). Let
m∗ be a root of the equation x
2 −mx + 16m = 0 in the ring of algebraic p-adic
integers. Then, for any algebraic p-adic integers a and b, we have
p−1∑
k=0
(
2k
k
)3
mk
(
ak
16
(m∗ −m+ 32) + b
)
≡2a
p−1∑
k=0
k
(
2k
k
)2
mk
∗
p−1∑
j=0
(
2j
j
)2
mj∗
+ b
( p−1∑
k=0
(
2k
k
)2
mk
∗
)2
(mod p2).
(2.1)
Proof. Set
S :=
p−1∑
n=0
an+ b
mn
∗
n∑
k=0
(
2k
k
)2(
2(n− k)
n− k
)2
.
By [Su5, Lemma 3.1],
S =
p−1∑
n=0
an+ b
mn
∗
n∑
k=0
(
2k
k
)3(
k
n− k
)
(−16)n−k
=
p−1∑
k=0
(
2k
k
)3
mk
∗
p−1∑
n=k
(an+ b)
(
k
n− k
)(
− 16
m∗
)n−k
≡
(p−1)/2∑
k=0
(
2k
k
)3
mk
∗
k∑
j=0
(a(k + j) + b)
(
k
j
)(
− 16
m∗
)j
(mod p2).
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Thus
S ≡
(p−1)/2∑
k=0
(
2k
k
)3
mk
∗
(
(ak + b)
(
1− 16
m∗
)k
+ ak
∑
0<j6k
(
k − 1
j − 1
)(
− 16
m∗
)j )
=
(p−1)/2∑
k=0
(
2k
k
)3
mk
∗
(
(ak + b)
(
1− 16
m∗
)k
− ak 16
m∗
(
1− 16
m∗
)k−1 )
=
(p−1)/2∑
k=0
(
2k
k
)3
mk
∗
(
1− 16
m∗
)k (
ak + b− 16
m∗
ak
m
m∗
)
=
(p−1)/2∑
k=0
(
2k
k
)3
mk
(
ak
16
(m∗ −m+ 32) + b
)
(mod p2).
On the other hand,
S =
p−1∑
k=0
(
2k
k
)2
mk
∗
p−1∑
n=k
(an+ b)
(
2(n−k)
n−k
)2
mn−k∗
≡
(p−1)/2∑
k=0
(
2k
k
)2
mk
∗
(p−1)/2∑
j=0
(a(k + j) + b)
(
2j
j
)2
mj∗
=2a
p−1∑
k=0
k
(
2k
k
)2
mk
∗
p−1∑
j=0
(
2j
j
)2
mj∗
+ b
( p−1∑
k=0
(
2k
k
)2
mk
∗
)2
(mod p2).
Combining the above, we obtain (2.1). 
Lemma 2.2. Let p = 2n+ 1 be an odd prime. Then
Pn(±x) ≡ (±1)n
p−1∑
k=0
(
2k
k
)2
(−16)k
(
x− 1
2
)k
(mod p2). (2.2)
Proof. It is well known that Pn(−x) = (−1)nPn(x). As noted by van Hammer
[vH], for each k = 0, . . . , n we have
(
n
k
)(
n+ k
k
)
=
(
n
k
)(−n− 1
k
)
(−1)k =
(
(p− 1)/2
k
)(
(−p− 1)/2
k
)
(−1)k
≡
(−1/2
k
)2
(−1)k =
(
2k
k
)2
(−16)k (mod p
2).
So (2.2) holds. 
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Lemma 2.3. Let d ∈ {1, 2, 3, 7} and suppose that p is an odd prime with (−dp ) =
−1. Let √−d be a solution of z2 + d = 0 in the ring of p-adic integers. Write
p = x2 + dy2 with x, y ∈ Z such that pi = x + y√−d ≡ 0 (mod p). Then, for
p¯i = x− y√−d we have
p¯i ≡ 2x− p
2x
≡ −
√−d
2
(
4y − p
dy
)
(mod p2). (2.3)
Proof. Note that
p¯i = 2x− (x+ y√−d) = 2x− p
x−√−dy ≡ 2x−
p
2x
(mod p2)
and
p¯i = −2y
√
−d+ p
x− y√−d ≡ −2y
√
−d+ p−2y√−d = −
√−d
2
(
4y − p
dy
)
(mod p2).
This concludes the proof. 
Lemma 2.4. Let p = 2n+ 1 be an odd prime. Let d ∈ {2, 3, 7} and suppose that
(−dp ) = 1. Write p = x
2 + dy2 such that pi = x + y
√−d ≡ 0 (mod p), and that
x ≡ 1 (mod 4) if d = 2, and x+ y ≡ 1 (mod 4) if d ∈ {3, 7}. Set p¯i = x− y√−d.
(i) If d = 2, then
Pn(
√
2) ≡ i−y p¯i (mod p2).
(ii) If d = 3, then
Pn(
√−3) ≡ (−1)yp¯i (mod p2)
and
Pn
(√
3
2
)
≡ (−i)np¯i (mod p2).
(iii) If d = 7, then
Pn(3
√−7) ≡ (−1)n+y p¯i (mod p2)
and
Pn
(
3
√
7
8
)
≡ inp¯i (mod p2).
Proof. This follows from [CV, (48)] in the case m = r = 1 and Table III of [CV,
p. 282]. However, we note that certain entries of Table III should be corrected.
This results in our addition of (−1)y in part (ii) and the first congruence in part
(iii). (One can check that our correction is necessary via computation.) 
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3. Proofs of Theorems 1.1-1.4
Proof of Theorem 1.1. Without loss of generality we assume that pi = x+y
√−2 ≡
0 (mod p). (If not, we may use −y instead of y.) It is easy to see that (−1)y =
(−1)n. By Lemmas 2.2 and 2.4,
p−1∑
k=0
(
2k
k
)2
32k
(1±
√
2)k ≡ (∓1)nPn(
√
2) ≡ (∓1)n(−i)yp¯i = (±1)niyp¯i (mod p2).
(3.1)
Thus
2
√
2
p−1∑
k=0
(
2k
k
)2
32k
Pk =
p−1∑
k=0
(
2k
k
)2
32k
((1 +
√
2)k − (1−
√
2)k)
≡iyp¯i(1− (−1)n) ≡
{
0 (mod p2) if p ≡ 1 (mod 8),
2iyp¯i (mod p2) if p ≡ 3 (mod 8).
By Lemma 2.3,
p¯i ≡ −√−2
(
2y − p
4y
)
(mod p2).
So, if p ≡ 3 (mod 8) then
2
p−1∑
k=0
(
2k
k
)2
32k
Pk ≡ iy
√
2p¯i ≡ (−2i)iy
(
2y − p
4y
)
= 2iy−1
(
2y − p
4y
)
(mod p2)
and hence
p−1∑
k=0
(
2k
k
)2
32k
Pk ≡ (−1)(y−1)/2
(
2y − p
4y
)
(mod p2)
as desired. Note that
p−1∑
k=0
(
2k
k
)2
32k
Qk =
p−1∑
k=0
(
2k
k
)2
32k
((1 +
√
2)k + (1−
√
2)k)
≡iyp¯i(1 + (−1)n) ≡
{
2iyp¯i (mod p2) if p ≡ 1 (mod 8),
0 (mod p2) if p ≡ 3 (mod 8).
If p ≡ 1 (mod 8), then 2 | y and
y
2
≡
(y
2
)2
+
x− 1
4
· x− 1
2
=
y2
4
+
x2 − 1
8
− x− 1
4
=
p− 1
8
− x− 1
4
(mod 2),
hence
p−1∑
k=0
(
2k
k
)2
32k
Qk ≡ 2(−1)y/2p¯i ≡ (−1)(p−1)/8+(x−1)/4
(
4x− p
x
)
(mod p2)
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with the help of Lemma 2.3.
Applying Lemma 2.1 with m = −64, m∗ = −32±32
√
2, a = 2 and b = 2±√2,
we obtain that
(2±
√
2)
p−1∑
k=0
(4k + 1)
(
2k
k
)3
(−64)k
≡4
p−1∑
k=0
k
(
2k
k
)3
32k
(1±
√
2)k
p−1∑
j=0
(
2j
j
)2
32j
(1±
√
2)j
+ (2±
√
2)
( p−1∑
k=0
(
2k
k
)2
32k
(1±
√
2)k
)2
(mod p2).
This, together with the van Hammer-Mortenson congruence
p−1∑
k=0
(4k + 1)
(
2k
k
)3
(−64)k ≡ p
(−1
p
)
(mod p3)
(which was conjectured by van Hamme [vH] and proved by E. Mortenson, and
further refined by the author [Su6]) and (3.1), yields that
p−1∑
k=0
k
(
2k
k
)2
32k
(1±
√
2)k
≡2±
√
2
4
(∓1)niy p(−1)
n − (−1)yp¯i2
p¯i
=
2±√2
4
(±1)niy
( p
p¯i
− p¯i
)
=
2±√2
2
(±1)niyy√−2 (mod p2).
Therefore
2
√
2
p−1∑
k=0
k
(
2k
k
)2
32k
Pk =
p−1∑
k=0
k
(
2k
k
)2
32k
(
(1 +
√
2)k − (1−
√
2)k
)
≡iyy√−2
(
2 +
√
2
2
− (−1)n 2−
√
2
2
)
(mod p2)
and hence
p−1∑
k=0
k
(
2k
k
)2
32k
Pk ≡
{
iyy
√−2/2 (mod p2) if p ≡ 1 (mod 8),
iy+1y = (−1)(y+1)/2y (mod p2) if p ≡ 3 (mod 8).
Note that if p ≡ 1 (mod 8) then
iy = (−1)y/2 = (−1)(p−1)/8+(x−1)/4
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and
y
√−2 = p
x− y√−2 − x ≡
p
2x
− x (mod p2).
Observe that
p−1∑
k=0
k
(
2k
k
)2
32k
Qk
≡iyy√−2
(
2 +
√
2
2
+ (−1)n 2−
√
2
2
)
≡
{
iyy2
√−2 ≡ 4∑p−1k=0 kPk(2kk )2/32k (mod p2) if p ≡ 1 (mod 8),
iy+12y = (−1)(y+1)/22y (mod p2) if p ≡ 3 (mod 8).
Combining the above we immediately get all the results stated in Theorem
1.1. 
Proof of Theorem 1.2. Let
√−3 be a root of z2 + 3 = 0 in the ring Zp of p-adic
integers. Without loss of generality we suppose that pi = x+
√−3y ≡ 0 (mod p)
and x+ y ≡ 1 (mod 4). In view of Lemmas 2.2 and 2.4, we have
p−1∑
k=0
(
2k
k
)2
(−16)k
(−1±√−3
2
)k
≡ (±1)nPn(
√−3) ≡ (±1)n(−1)yp¯i (mod p2).
By Lemma 2.3,
p¯i ≡ 2x− p
2x
≡ −
√−3
2
(
4y − p
3y
)
(mod p2).
Now, applying Lemma 2.1 withm = 16,m∗ = 8(1±
√−3), a = 6 and b = 3±√−3,
and noting that
p−1∑
k=0
(3k + 1)
(
2k
k
)3
16k
≡ p (mod p2)
by [GZ], we get
p−1∑
k=0
k
(
2k
k
)2
(−16)k
(−1±√−3
2
)k
≡3±
√−3
12
(±1)n(−1)y p− p¯i
2
p¯i
=
3±√−3
6
(±1)n(−1)yy√−3 (mod p2).
Note that ω = (−1+√−3)/2 and ω¯ = (−1−√−3)/2 are primitive cubic roots
of unity. As ω + ω¯ = −1 and ωω¯ = 1, we see that
un(−1, 1) = ω
n − ω¯n√−3 =
(n
3
)
and vn(−1, 1) = ωn + ω¯n = 3[3 | n]− 1.
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Combining the above, similar to the proof of Theorem 1.1, we get all the results
in Theorem 1.2. 
Proof of Theorem 1.3. Let
√−7 be a root of z2 + 7 = 0 in the ring Zp of p-adic
integers. Without loss of generality we suppose that pi = x+
√−7y ≡ 0 (mod p)
and x+ y ≡ 1 (mod 4). In view of Lemmas 2.2 and 2.4, we have
p−1∑
k=0
(
2k
k
)2
16k
(
1± 3√−7
2
)k
≡ (∓1)nPn(3
√−7) ≡ (±1)n(−1)yp¯i (mod p2).
By Lemma 2.3,
p¯i ≡ 2x− p
2x
≡ −
√−7
2
(
4y − p
7y
)
(mod p2).
Now, applying Lemma 2.1 with m = 1, m∗ = (1 ± 3
√−7)/2, a = 28 and b =
21±√−7, and noting that
p−1∑
k=0
(21k + 8)
(
2k
k
)3
≡ 8p (mod p3)
by [Su2], we get
p−1∑
k=0
k
(
2k
k
)2
16k
(
1± 3√−7
2
)k
≡(±1)n(−1)y 21∓
√−7
56
· p− p¯i
2
p¯i
=
21∓√−7
28
(±1)n(−1)yy√−7 (mod p2).
Note that
y
√−7 = p
x− y√−7 − x ≡
p
2x
− x (mod p2).
Also, (−1)y = ( 2p ) if p ≡ 1 (mod 4), and (−1)(y−1)/2 = ( 2p ) if p ≡ 3 (mod 4). As
3
√−7uk(1, 16) =
(
1 + 3
√−7
2
)k
−
(
1− 3√−7
2
)k
and
vk(1, 16) =
(
1 + 3
√−7
2
)k
+
(
1− 3√−7
2
)k
,
we immediately obtain the desired results from the above. 
Proof of Theorem 1.4. The proof is similar to the proofs of Theorems 1.1 and 1.2.
We apply Lemma 2.1 with m = 256, m∗ = 64/(2±
√
3), a = 3 and b = 3± 2√3,
and use the congruence
(p−1)/2∑
k=0
6k + 1
256k
(
2k
k
)3
≡ p
(−1
p
)
(mod p4)
conjectured by van Hamme [vH] and confirmed by L. Long [L]. 
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3. Proof of Theorem 1.5
Lemma 4.1. Let p = 2n+ 1 be an odd prime. For each k = 0, . . . , n we have(
2n− k
k
)
≡ (−1)k
(
2k
k
)
(1− p(H2k −Hk)) (mod p2). (4.1)
Proof. Observe that
(−1)k
(
2n− k
k
)
=(−1)k
∏
0<j6k
p− k − j
j
=
∏
0<j6k
j + k − p
j
=
∏
0<j6k
j + k
j
×
∏
0<j6k
(
1− p
j + k
)
≡
(
2k
k
)(
1−
∑
0<j6k
p
j + k
)
=
(
2k
k
)
(1− p(H2k −Hk)) (mod p2).
This concludes the proof. 
Theorem 4.1. Let p = 2n + 1 be an odd prime and let m be an integer not
divisible by p. Let h ∈ Z+ and P (x) ∈ Z[x]. Then
(
(−1)hm
p
) n∑
k=0
P (k)
(
2k
k
)h
mk
≡
n∑
k=0
(
2k
k
)h
m¯k
((
1 +
p
2
qp(m¯)
)
P
(
−k − 1
2
)
+
p
2
P ′
(
−k − 1
2
))
− ph
n∑
k=0
(
2k
k
)h
m¯k
(
P
(
−k − 1
2
)
(H2k −Hk)
)
(mod p2),
where m¯ = 16h/m and qp(m¯) = (m¯
p−1 − 1)/p.
Proof. Since
(
n+ k
n− k
)
=
(
n+ k
2k
)
≡
(
2k
k
)
(−16)k (mod p
2) for all k = 0, . . . , n,
we have
n∑
k=0
P (k)
(
2k
k
)h
mk
≡
n∑
k=0
P (k)
(
n+ k
n− k
)h
(−16)hk
mk
=
n∑
k=0
P (n− k)
(
2n− k
k
)h
((−1)hm¯)n−k (mod p2).
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So, with the help of Lemma 4.1, we get
n∑
k=0
P (k)
(
2k
k
)h
mk
≡
n∑
k=0
P (n− k)
(
2k
k
)h
m¯k
(1− p(H2k −Hk))h((−1)hm¯)n (mod p2).
(4.2)
Since (p
2
+ x
)j
− xj ≡ j p
2
xj−1 ≡ p
2
d
dx
xj (mod p2)
for all j = 0, 1, 2, . . . , we see that
P
(p
2
+ x
)
− P (x) ≡ p
2
P ′(x) (mod p2).
Thus
P (n− k) = P
(
p
2
− k − 1
2
)
≡ P
(
−k − 1
2
)
+
p
2
P ′
(
−k − 1
2
)
(mod p2)
for any k = 0, 1, . . . , n. So, from (4.2) we obtain
(
(−1)h
p
) n∑
k=0
P (k)
(
2k
k
)h
mk
≡
n∑
k=0
(
P
(
−k − 1
2
)
+
p
2
P ′
(
−k − 1
2
)) (2k
k
)h
m¯k
(1− ph(H2k −Hk))m¯n (mod p2).
(4.3)
Since
m¯n =
4(p−1)h
mn
≡
(
m
p
)
(mod p),
we have
m¯p−1 − 1 =
(
m¯n +
(
m
p
))(
m¯n −
(
m
p
))
≡2
(
m
p
)(
m¯n −
(
m
p
))
(mod p2)
and hence
1 +
p
2
qp(m¯) ≡
(
m
p
)
m¯n (mod p2).
Combining this with (4.3) we immediately obtain the desired result. 
Proof of Theorem 1.5. Let n = (p − 1)/2. Note that p | (2kk ) for all k = n +
1, . . . , p− 1. Applying Theorem 4.1 with h = 3 and P (x) = ax + b we then get
the desired result.
Below we give some corollaries of Theorem 1.5.
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Corollary 4.1. Let p > 3 be a prime. Then
(−1
p
) p−1∑
k=0
k
(
2k
k
)3
(−64)k (H2k −Hk)−
1
6
≡
{ −(3qp(2) + 2)x2/3 (mod p) if p = x2 + 2y2,
0 (mod p) if p ≡ 5, 7 (mod 8).
(4.4)
When p ≡ 1 (mod 4) and p = x2 + y2 with x odd and y even, we have
p−1∑
k=0
k
(
2k
k
)3
64k
(H2k −Hk) ≡ −x
2
3
(3qp(2) + 2) (mod p). (4.5)
Proof. Recall the known congruence
p−1∑
k=0
4k + 1
(−64)k
(
2k
k
)3
≡ p
(−1
p
)
(mod p3)
due van Hamme [vH] and Mortenson. In view of this and (1.3) and (1.9), Theorem
1.1 with m = −64, a = 4 and b = 1 yields (4.4).
Let p ≡ 1 (mod 4) and write p = x2 + y2 with x odd and y even. The author
[Su2, Conj. 5.9] conjectured that
p−1∑
k=0
4k + 1
64k
(
2k
k
)3
≡ 0 (mod p2),
and this was confirmed by Z.-H. Sun [S2]. In view of this and (1.0) and (1.9), we
obtain (4.5) from Theorem 1.1 with m = 64, a = 4 and b = 1.
Corollary 4.2. Let p > 3 be a prime. Then
p−1∑
k=0
k
(
2k
k
)3
16k
(H2k −Hk)− 1
6
≡
(−1
p
) p−1∑
k=0
k
(
2k
k
)3
256k
(H2k −Hk)− 1
6
≡
{ −2x2(4qp(2) + 3)/9 (mod p) if p = x2 + 3y2,
0 (mod p) if p ≡ 2 (mod 3).
(4.6)
Proof. van Hamme [vH] conjectured the congruence
(p−1)/2∑
k=0
6k + 1
256k
(
2k
k
)3
≡ p
(−1
p
)
(mod p4)
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and this was confirmed by L. Long [L]. The author [Su2] conjectured
(p−1)/2∑
k=0
3k + 1
16k
(
2k
k
)3
≡ p+ 2
(−1
p
)
p3Ep−3 (mod p
4)
(where E0, E1, . . . are Euler numbers), and its mod p
3 was proved in [GZ]. In
view of this and (1.4)-(1.5) and (1.9), we deduce (4.6) by applying Theorem 1.1
with (a, b,m) = (6, 1, 256), (3, 1, 16). 
Corollary 4.3. Let p > 3 be a prime. Then
p−1∑
k=0
k
(
2k
k
)3
(H2k −Hk)− 1
6
≡
{ −2x2/3 (mod p) if ( p
7
) = 1 & p = x2 + 7y2,
0 (mod p) if ( p7 ) = −1.
Also, we have
(−1
p
) p−1∑
k=0
k
(
2k
k
)3
4096k
(H2k −Hk)− 1
6
≡
{ −2(10qp(2) + 7)x2/21 (mod p) if ( p7 ) = 1 & p = x2 + 7y2,
0 (mod p) if ( p
7
) = −1.
Proof. By [Su2, Theorem 3], we have
p−1∑
k=0
(21k + 8)
(
2k
k
)3
≡ 8p (mod p4).
Also, van Hamme’s conjectural congruence
(p−1)/2∑
k=0
42k + 5
4096k
(
2k
k
)3
≡ 5p
(−1
p
)
(mod p4)
was recently confirmed in [OZ]. So, by applying Theorem 1.1 with (a, b,m) =
(21, 8, 1), (42, 5, 4096) and noting (1.1),(1.6) and (1.9) we obtain the desired re-
sult. 
Corollary 4.4. Let p > 3 be a prime. Then
p−1∑
k=0
k
(
2k
k
)3
(−8)k (H2k −Hk)−
(−1)(p−1)/2
6
≡
{ −2(qp(2) + 1)x2/3 (mod p) if p = x2 + y2 (2 ∤ x),
0 (mod p) if p ≡ 3 (mod 4).
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We also have (−2
p
) p−1∑
k=0
k
(
2k
k
)3
(−512)k (H2k −Hk)−
1
6
≡
{ −(3qp(2) + 2)x2/3 (mod p) if p = x2 + y2 (2 ∤ x),
0 (mod p) if p ≡ 3 (mod 4).
Proof. The author [Su2] conjectured that
p−1∑
k=0
3k + 1
(−8)k ≡ p
(−1
p
)
+ p3Ep−3 (mod p
4),
which was recently confirmed in [CXB]. Also, van Hammer’s conjectural congru-
ence
(p−1)/2∑
k=0
6k + 1
(−512)k
(
2k
k
)3
≡ p
(−2
p
)
(mod p3)
was recently confirmed by H. Swisher [Sw, Theorem 1.3]. So, by applying Theorem
1.4 with (a, b,m) = (6, 1,−512), (3, 1,−8) and noting (1.2) and (1.9) we obtain
the desired result. 
Our following conjecture seems difficult.
Conjecture 4.1. Let p be an odd prime.
(i) If p ≡ 1 (mod 4) then
(p−1)/2∑
k=0
(
2k
k
)3
(−8)k
∑
k<j62k
1
j
≡1
2
(p−1)/2∑
k=0
(
2k
k
)3
64k
∑
k<j62k
1
j
≡1
3
(
2
p
) (p−1)/2∑
k=0
(
2k
k
)3
(−512)k
∑
k<j62k
1
j
(mod p2);
when p ≡ 3 (mod 4) we have
(p−1)/2∑
k=0
(
2k
k
)3
(−8)k
∑
k<j62k
1
j
≡− 7
2
(p−1)/2∑
k=0
(
2k
k
)3
64k
∑
k<j62k
1
j
(mod p2),
(p−1)/2∑
k=0
(
2k
k
)3
64k
∑
k<j62k
1
j
≡−
(
2
p
) (p−1)/2∑
k=0
(
2k
k
)3
(−512)k
∑
k<j62k
1
j
(mod p2),
(ii) If p ≡ 1 (mod 3) then
(p−1)/2∑
k=0
(
2k
k
)3
16k
∑
k<j62k
1
j
≡ 1
2
(−1
p
) (p−1)/2∑
k=0
(
2k
k
)3
256k
∑
k<j62k
1
j
(mod p2).
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If p ≡ 2 (mod 3) then
(p−1)/2∑
k=0
(
2k
k
)3
256k
∑
k<j62k
1
j
≡ 0 (mod p2).
(iii) If p > 3 and p ≡ 3, 5, 6 (mod 7), then
(p−1)/2∑
k=0
(
2k
k
)3 ∑
k<j62k
1
j
≡ 0 (mod p2).
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